In numerical evolutions of binary black holes (BBH) it is desirable to easily control the orbital eccentricity of the BBH, and the number of orbits completed by the binary through merger. This paper presents fitting formulae that allow to choose initial-data parameters for generic precessing BBH resulting in an orbital eccentricity ∼ 10 −4 , and that allow to predict the number of orbits to merger. We further demonstrate how these fits can be used to choose initial-data parameters of desired non-zero eccentricity. For both usage scenarios, no costly exploratory BBH evolutions are necessary, but both usage scenarios retain the freedom to refine the fitted parameters further based on the results of BBH evolutions. The presented fitting formulas are based on 729 BBH configurations which are iteratively reduced to eccentricity < ∼ 10 −4 , covering mass-ratios between 1 and 8 and spin-magnitude up to 0.5. 101 of these configurations are evolved through the BBH inspiral phase.
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I. INTRODUCTION
The next generation of gravitational-wave detectors, such as advanced LIGO, VIRGO and KAGRA [1] [2] [3] [4] [5] is under construction. These advanced detectors will have an order of magnitude increase in their sensitivity and are widely expected to make the first direct detections of gravitational waves by sources such as coalescing compact object binaries. The ability to detect and study these systems depends on the quality and accuracy of the theoretical waveform models used in building search templates for these detectors.
After breakthroughs in numerical relativity [6] , direct numerical calculation of the signal emitted during the last phase of the binary's life have become available and have been rapidly improving (e.g. [7, 8] ). These numerical waveforms guide analytical modelers and data analysts in the construction of analytical templates [9] [10] [11] [12] [13] [14] [15] [16] [17] and are used to assess the properties of gravitational wave dataanalysis pipelines [17, 18] .
The parameter space for numerical studies of binary black holes is seven dimensional: Mass-ratio, and the two spin-vectors of the two black holes. The total mass scales out due to the scale invariance of the vacuum Einstein equations, and eccentricity is expected to be radiated away during the preceding gravitational-wave driven inspiral [19, 20] . Moreover, simulations for gravitational wave data-analysis need to cover a large number of inspiral orbits and have sufficient accuracy (e.g. the recent review [21] ). These requirements increase the computational cost of BBH simulations and limits the number of simulations that can be performed. Therefore, BBH simulations have generally focused on lower-dimensional subspaces of the entire BBH parameter space, for instance non-spinning systems, or systems with spins aligned with the angular momentum. For example, the number of distinct BBH parameters configurations used in Ninja-2 [17] was 29: 6 configurations with non-spinning black holes, and 20 with aligned spins (some configurations were computed independently by several groups for a total of 40 numerical simulations). Numerical simulations of nonprecessing BBH systems are also much more carefully studied, e.g. [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Furthermore, most of the work done to compute analytical waveform models focuses on non-precessing binaries [10, 13, 16, [37] [38] [39] [40] [41] [42] [43] [44] . Significantly less work has been done in trying to understand dynamics of precessing binaries and the resulting waveforms, and how the numerical data agrees with the analytical approximations [45] [46] [47] [48] [49] [50] [51] [52] .
The first step for evolving a precessing system requires low-eccentricity initial data, since the orbit of a isolated binary circularizes during the inspiral via the emission of gravitational waves [19, 20] . Even binaries starting with some eccentricity at the beginning of their evolution are expected to have a negligible eccentricity near the merger phase, when the emitted signal enters the frequency band of these ground-based detectors.
In a numerical relativity simulation of the inspiral of binary black holes, the eccentricity is predetermined by three free parameters in the initial data: the orbital frequency Ω 0 , the separation between the holes r 0 and the radial velocityṙ 0 (we often use the dimensionless expansion factorȧ 0 ≡ṙ 0 /r 0 ). When initial data is constructed with the assumption of circular orbits, the resulting trajectories have an orbital eccentricity of the order one percent [53] [54] [55] . This eccentricity arises by neglecting the small, but non-zero, radial velocity and the initial relaxation of the black holes.
A variety of eccentricity definitions are given in the analytical literature [56] [57] [58] [59] [60] [61] [62] as well as in numerical relativity [53] [54] [55] [63] [64] [65] [66] . All of these definitions employ residual oscillations in the orbital variables such as the orbital frequency, proper horizon separation and coordinate separation to estimate the eccentricity. Several methods are introduced to choose initial-data parameters that result in lower eccentricity. The evolution of post-Newtonian equations was used to find quasi-circular parameters for the trajectories of binaries [63] . More recently, iterative procedures were developed to remove eccentricity from the initial data [54, [66] [67] [68] [69] . These methods first utilize post-Newtonian (PN) information to find initial data with reasonably low eccentricity. The initial data is evolved for about two to three orbits, and after analyzing the orbit, the initial-data parameters are corrected to reduce the orbital eccentricity. Using these new initial-data parameters, the procedure is repeated until the desired value of eccentricity is obtained. For non-precessing binaries, the method using proper horizon separation worked well in reducing the eccentricity of binaries [30, 33, 70] . For precessing binaries, a new method was introduced in Ref. [66] which uses the instantaneous orbital frequency to reduce the eccentricity to below 10 −4 in about four iterations.
Iterative eccentricity removal works well [66] , however, it introduces extra steps into the numerical simulation of BBH systems. The goal of this paper is to deal with eccentricity removal for conformally flat BBH systems once and for all: We systematically apply the eccentricity removal procedure to a large number of different BBH systems of different mass-ratios, spin-magnitudes and spindirections. We cover mass-ratios between 1 and 8, and spin-magnitudes up to 0.5. We then perform fits that will allow us to predict low-eccentricity initial-data parameter for BBH systems with any spin-orientations. As we show, these fits result in initial conditions with remaining eccentricity of ∼ 10 −4 . This is quite likely sufficient for all near-term GW data-analysis purposes [71] . These loweccentricity fits can also be used to predict initial data parameters of a desired non-zero eccentricity. Finally, we evolve 101 of the 729 low-eccentricity initial data sets through their entire inspiral, and use this information to prepare a fitting formula that allows us to predict the number of inspiral orbits for generic BBH binaries. This paper is organized as follows: In Sec. II, we discuss eccentricity and motivate a new definition of eccentricity, e R , that uses the radial velocity in addition to the orbital frequency. Once low-eccentricity parameters are known, e R allows us to estimate the eccentricity of any parameter choice nearby without evolving the initial data. In Sec. III, we quasi-circularize iteratively 729 BBH configuration with different mass-ratios, spin-magnitudes and -orientations, and various initial separations. Three of these simulations are used to compare our newly defined eccentricity e R to the standard eccentricity based on the orbital frequency, e Ω , used in Ref. [66] . Section IV introduces fitting formulae to the low-eccentricity configurations, and demonstrates their efficiency and their advantages over post-Newtonian formulas. In Sec. V, we provide formulas for generating initial-data parameters that result in evolutions of a predetermined eccentricity, and assess the quality of these formulas. Finally, we summarize our conclusions in Sec. VI.
II. DEFINING AND REDUCING ECCENTRICITY A. Newtonian dynamics
For two bodies on a Newtonian orbit with small eccentricity e, the distance r(t) between their centers and the orbital frequency Ω(t) can be written as
Herer is the average separation,Ω is the average orbital frequency and φ 0 is a phase component. Taking a timederivative of Eqs. 1 and 2, we finḋ
Note that the factorΩ 2 is the product of the average orbital frequencyΩ and the frequency of the oscillations in Ω(t). In Newtonian gravity, these two frequencies agree.
For circular orbits, the distance between the Newtonian masses r 0 and their orbital frequency Ω 0 are related by Kepler's law,
where m is the total mass of the binary, and G represents Newton's constant which we will henceforth set equal to unity. In this case, eccentricity e and radial velocityṙ(t) are both identically zero. Let us consider how small perturbations in orbital separation, orbital frequency and radial velocity will affect the eccentricity of the originally circular orbit. To accomplish this, we relate a circular orbit with r 0 and Ω 0 with a slightly eccentric orbit given by Eqs. (1) and (2) . At time t = 0, we set r(0) = r 0 + ∆t, Ω(0) = Ω 0 + ∆Ω, and we set a radial velocityṙ(0) = ∆ṙ. The perturbed orbit will in general have an average distancer different from r 0 , and an average orbital frequencyΩ different from Ω 0 . We writer
Kepler's third law Eq. (5) is also valid forr andΩ, and from it follows
The change δr and δΩ are thus determined by one small parameter ǫ, which is as of yet undetermined. To proceed we substitute Eq. (6) into Eqs. (1)- (3), evaluate these expressions at t = 0, and equate to the assumed perturbations:
To first order in ǫ and e, these equations simplify to
∆ṙ = −r 0 Ω 0 e cos φ 0 .
Inverting Eqs. (11)- (13) yields
To summarize, perturbing a circular Newtonian orbit by ∆r, ∆Ω and ∆ṙ results in an orbit with eccentricity (14) ; the perturbed orbit has an average radius larger by δr/r = ǫ relative to the the circular, unperturbed orbit.
B. Numerical relativity
Let us now consider general relativistic BBH binaries computed by numerical simulations. As in earlier work [65, 66] we define eccentricity based on periodic oscillations of the separation of the binary or the orbital frequency, carrying over the Newtonian definitions. Specifically, the instantaneous orbital frequency Ω(t) and the distance r(t) are calculated from the coordinate motion of the apparent horizons' centers. We define their relative separation vector r(t) = c 1 (t) − c 2 (t) with magnitude r(t) = |r(t)|, where c i (t) are the coordinates of the center of each black hole. Using standard Euclidean vector calculus, the instantaneous orbital frequency is then computed as
where Ω(t) is its magnitude. A compact binary inspiral starts at t = 0 with an initial separation r 0 , an orbital frequency Ω 0 and a radial velocityṙ 0 . The time derivative of the orbital frequencẏ Ω(t) is computed and fitted with the functional forṁ
The first part of the fit, S Ω,fit (t), is a non-oscillatory function that captures the radiation-reaction driven inspiral. The second part captures the oscillatory contribution of the orbital eccentricity using fitting parameters B Ω , Ω r and φ. Note that the sinusoidal frequency in Eq. 18 is given by the radial frequency Ω r . In general relativity, the orbital frequency Ω exceeds the radial frequency Ω r causing periastron advance [65] . With the fitted parameter B Ω equal to 2eΩΩ r (cf. the comment after Eq. 4), we can derive updating formulas based onΩ(t) [66] :
where B Ω and φ are fitted for while Ω 0 and r 0 are given by the initial data. In Eq. (19), we have introduced the expansion factorȧ 0 =ṙ 0 /r 0 which appears naturally in our formulation of the initial-value problem for BBH binaries with radial velocity [54] . We use Eqs. (19) and (20) to reduce eccentricity iteratively for every simulation in this paper. Using the fitted B Ω and Ω r in addition to Ω 0 , we estimate the eccentricity e Ω as
Equation (14) gives the eccentricity of a Newtonian orbit that differs by ∆Ω and ∆ṙ from being circular. If we know non-eccentric initial data parameters Ω 0,e=0 anḋ a 0,e=0 , we can use the deviations from the e = 0 parameters to define eccentricity:
We will test this formula in Sec. III, and use it in Sec. V to propose a technique to construct BBH initial-data with specified non-zero eccentricity.
III. LOW-ECCENTRICITY BBH PARAMETERS
Our goal is to compute several hundred low eccentricity initial-data sets for subsequent evolutions. We proceed in two stages: In stage 1, we circularize 69 binaries by starting with post-Newtonian estimates for the initial orbital frequency and radial velocity. We perform three to four levels of iterative eccentricity removal. We use the low-eccentricity initial data parameters to generate fitting formulae that predict low-eccentricity initial data parameters for other choices of masses and spins. In stage 2, we use these fitting formulae to compute 660 additional BBH configurations, which we find have an average eccentricity of about 0.003, i.e. a factor of ∼ 5 below the first stage simulations. We finally apply iterative eccentricity removal to the stage 2 simulations until the eccentricity is less than 0.001.
A. Numerical methods
We construct BH-BH initial data using the conformal thin sandwich formalism [72, 73] boundary conditions [74] [75] [76] and a radial velocity as in Ref. [54] . All initial-data sets considered here use conformal flatness and maximal slicing. The resulting set of five nonlinear coupled elliptic equations is solved with multidomain pseudo-spectral techniques described in Ref. [77] implemented in the Spectral Einstein Code SpEC [78]. Calculation of initial data with desired physical parameters (masses m A , m B and dimensionless spins χ A , χ B ) requires a root-finding procedure to determine the corresponding initial data parameters (radii of the excision boundaries r A , r B and angular velocities of the horizons, Ω A and Ω B ). This root-finding is described in Ref. [36] .
The initial data is evolved with SpEC [78], using a first-order representation [79] of the generalized harmonic system [6, 80, 81] that includes constraints damping terms [6, 79, 82] . Constraint damping parameters are chosen as in [36] , based on experience gathered in [30] . The computational domain extends from excision boundaries located just inside each apparent horizon to some large radius, where the outgoing gravitational radiation pass freely through the outer boundary. Outer boundary conditions [79, 83, 84] are imposed to prevent the influx of constraint violations [85] [86] [87] [88] [89] [90] [91] and undesired incoming gravitational radiation [92, 93] , while no boundary conditions are imposed at the inner excision boundaries. Interdomain boundary conditions are enforced with a penalty method [94, 95] . The overall evolution techniques (constraint damping parameters, choice of domain decomposition) are essentially identical to the inspiral phase of Ref. [36] . For precessing runs, we employ a coordinate transformation based on pitch-and yaw-angles (i.e. two of the Euler angles), described in detail in a forthcoming publication [96] . This technique works well for moderate precession as in the cases presented here, although in future runs, it will be replaced by the more sophisticated coordinate transformations developed in [96] . Iter. 
B. Iterative Eccentricity Reduction
We shall start by describing eccentricity removal for one typical precessing configuration, labeled ScN 21. This configuration has a mass-ratio of q = m A /m B = 1.5 and both black holes have dimensionless spins 0.5 initially tangent to the orbital plane. The spin of the larger black hole points exactly away from the smaller black hole, whereas the spin of the smaller black hole is anti-aligned with its initial velocity. The initial coordinate separation between the holes is r = 16m. We begin eccentricity removal with orbital parameters determined from a non-spinning PN approximant to choose Ω 0 = 0.014427/m, and we use a previous good approximation forȧ 0 = −3.6 × 10 −5 from other simulations. We evolve the binary with the initial orbital parameters (Ω 0 ,ȧ 0 ) for about two orbits, and record the timederivative of the orbital frequency,Ω(t). This data is plotted in Fig. 1 as "Iter 0" and we deduce an eccentricity of e Ω ∼ 0.018. Equations (19) and (20) give the improved values for Ω 0 andȧ 0 to use in next iteration, labeled "Iter 1" in Fig. 1 with eccentricity e Ω = 0.0037. This procedure is repeated three more times until a final eccentricity e Ω ∼ 1.5 × 10 −4 is achieved. Note that as the eccentricity falls below e < ∼ 0.001, spin-induced oscillations become apparent at twice the orbital frequency, as discussed in Ref. [66] . The spin-induced oscillation dominate for e < ∼ 0.0003, making unambiguous determination of a residual orbital eccentricity difficult. Equation (22) indicates that the eccentricity is the square sum of two components, with one measuring the needed change in orbital frequency and the other the change in radial velocity (or derivative of expansion factor). When plotting parameters during eccentricity removal, Eq. (22) suggests a natural scaling of the axes, relative to the configuration with lowest eccentricity:
In these axes, the Euclidean distance to the origin should correspond directly to the eccentricity, cf. Eq. (14) . Figure 2 shows the sequence of the eccentricity reduction iterations shown in Fig. 1 plotted in these coordinates. The upper panel of the plot shows δΩ e and δȧ e as the binary is quasicircularized iteratively. The distance in the (δȧ e , δΩ e ) plane between any point and the origin corresponding to "Iter 4" is equal to the eccentricity e R . Because Iter 4 is not exactly at zero eccentricity, this distance is only an approximation to Eq. (14), thus explaining the raise of e Ω /e R at iterations 2 and 3 in the lower panel of Fig. 2 .
C. Binaries in data set S0
As a first step, we quasi-circularize iteratively a set of 69 different configurations, which we shall refer to as set S 0 . The binaries in S 0 have mass-ratios 1 ≤ q ≤ 8. There are 9 non-spinning binaries, 24 spinning binaries with aligned spins (i.e. without precession), and 36 precessing binaries. The dimensionless black hole spin is generally 0.5, but sometimes smaller. The parameters for all 69 configurations are given the first nine columns of Table I in the Appendix, and Fig. 3 show the distribution of non-spinning/aligned spin/non-aligned spins as a function of mass ratio: Most precessing binaries have limit. The parameters of the three configurations are listed in Table I .
mass ratio either 1.5 or 3. At mass ratio 8, no precessing binaries are evolved. We apply the iterative eccentricity reduction method to all binaries of set S 0 . Figure 4 illustrates performance of the iterative eccentricity removal for three cases. This figure compares also the eccentricities e Ω and e R . Both eccentricities decrease at the same rate, but the estimated e R is always smaller than e Ω , since it is estimated relative to an iteration with finite, albeit small, eccentricity. As we discuss below, e R is a useful measure to estimate the eccentricity of runs with the same physical parameters but differing orbital parameters Ω 0 andȧ 0 , once the corresponding quasicircularized orbital parameters Ω 0,e=0 andȧ 0,e=0 are known.
Application of iterative eccentricity removal to all binaries in S 0 results in orbital parameters Ω 0 andȧ 0 as listed in Table I , with an estimated orbital eccentricity e Ω . Eccentricity removal is terminated once an eccentricity e Ω < 10 −3 is reached except for few runs that are intentionally left with a larger eccentricity for evolutions to compute periastron advance (cf. [40] ). The initial and final eccentricities of binaries in set S 0 are shown in Fig. 5 . The red points show the initial eccentricity while the blue point correspond to the final eccentricity.
The initial eccentricities for most of these runs are larger than 0.01. The initial conditions for these runs used PN approximants TaylorT3 to predict the values of the orbital frequency at a given separation, and the radial scaled velocity is set to a small constant value (∼ −3 × 10 −5 ). However, for a few runs, the initial eccentricities are much smaller, almost 10 −3 . For these simulations, we used Kepler's law to predict the initial orbital frequency given the quasi-circular parameters of a closely similar configuration. The procedure based on Kepler's law was experimental and motivated the development of more rigorous fitting formulas to predict the initial parameters of quasi-circular binaries, as presented in later parts of this paper.
All quasi-circular binaries in S 0 were evolved through the inspiral phase until approximately 1 − 2 orbits before merger. To provide the reader some context about the length of these simulations, Table I lists also the number of evolved orbits up to a orbital frequency M Ω = 0.05. For informational purposes, we also report in Table I the orbital frequency mΩ f at which the simple inspiral evolution techniques failed and the number of orbits N f completed by then. Seven binaries were evolved for more than 30 orbits. The evolutions of merger and ringdown of these binaries require significant extension and refinements of previous spectral merger-techniques [36, 97] , and will be reported elsewhere.
D. Binary configurations S1, . . . , S5
As Fig. 5 demonstrates, iterative eccentricity removal by brute force is possible. However, even for some configurations of Fig. 5 , the use of ad hoc fitting formulas based on Kepler's law resulted in significantly improved initial guesses Ω 0 andȧ 0 . This allowed to begin iterative eccentricity removal at smaller initial eccentricity, reducing the number of eccentricity-removal iterations and thus lowering the computational cost of iterative eccentricity removal. The goal of this section, therefore, is to construct a much larger sample of low-eccentricity orbital configurations, which will be used in Sec. IV to develop fitting formulae valid for generic BBH systems.
In addition to the 69 configurations of S 0 , we circularized a total of further 660 configurations, of which 156 are non-precessing (of which 40 are non-spinning) and 504 are precessing. The configurations fall into five sets, Each point in set S1 represents one configuration for a total of 40. Each point in set S2 represents five different χA directions, for a total of 190. Each point in set S3 represents 15 different χA and χB directions, for a total of 300. The set S4 and S5 contain 130 configurations with randomly generated spin directions and (for 32 of these) randomly generated q.
as indicated in Fig. 6 :
• Set S 1 contains 40 non-spinning BBH configurations.
• Set S 2 contains 190 single-spin configurations where the more massive black hole carries spin χ A = 0.5. For each (q, r/m) pair, five different spin-directions are considered, with θ A = 0, π/4, π/2, 3π/4, π. The first and the last of these θ A represent spins aligned and anti-aligned with the orbital angular momentum, so that 76 configurations are non-precessing, while the remaining 114 configurations are precessing.
• Set S 3 contains 300 configurations where both black holes carry spin χ A = χ B = 0.5. We consider the same five spin directions for the more massive black hole as in set S 2 . For each of these, we consider three spin directions for the less massive black hole: θ B = 0, π/4, π/2. 40 of the configurations in set S 3 are non-precessing, and the remaining 260 are precessing.
• Set S 4 contains 98 binaries with spin-magnitudes χ A = χ B = 0.5, and random spin-directions. 25 binaries were selected for each combination of massratio q = 1 or q = 2, and of initial separation r/m = 16 or r/m = 17. Two of these runs were compromised, so that this results in 98 configurations.
• Set S 5 contains 32 binaries with random spinmagnitudes χ A,B ≤ 0.5 at random spin-directions with random mass-ratios q ∈ [1, 2] for fixed r/m = 15. The explicit parameters are listed in Table II in the Appendix. Table I . The next 530 configurations corresponds to sets S1, S2, S3 of binaries, and the last 130 configurations correspond to sets S4 and S5 with random spin configurations. The final eccentricity of the runs in sets S1, . . . S5 is reduced to less than 10 −3 . Figure 7 summarizes initial and final eccentricity of all configurations which were quasi-circularized. We initialized eccentricity reduction using an ad-hoc formula based on Kepler's law. As can be seen in Fig. 7 , this reduced the starting eccentricity of S 1,2,3 by about a factor of 10 relative to that of S 0 . However, it did not significantly reduce the starting eccentricity of the precessing systems in S 4,5 . A more comprehensive approach is therefore needed.
IV. ECCENTRICITY REDUCTION USING FITTING FORMULAS
Kepler's law helped in quasicircularizing the binaries of the set S 0 when small variations are introduced in either the separation or the mass ratio of the binary. The Newtonian Kepler's law does not incorporate spin effects in the initial parameters of the binary. Therefore, we will base fitting formulas for spinning binaries on postNewtonian expansions for spinning binaries.
A. PN formulas
In the post-Newtonian approximations, the initial quasi-circular parameters Ω 0 orṙ 0 (and r 0 ) are given as a series expansion in m/r (or in Ω 0 ) for any physical configuration for the binary. We shall use the PN expressions derived by Kidder [98] . In these expressions, nonspinning effects are included up to 2nd post-Newtonian order, while the spin effects enter at 1.5th and 2nd post-Newtonian order. We define the unit vector along 
The radial velocity as a function of separation is given by:
The orbital separation r/m as a function of orbital frequency is
And finally, the number of orbits accumulated during inspiral from initial orbital frequency Ω i to final frequency Ω f is given by 
B. NR Fitting Formulas
The goal of this section is to provide fitting formulae that can predict Ω 0 andȧ 0 as functions of symmetric mass-ratio η, initial black hole spins S A/B and initial black hole distance r/m. This is an 8-dimensional parameter space. As we shall see, linear fits are not sufficient, however, if one were to write a straightforward 8-dimensional higher-order Taylor-series, the number of coefficients would quickly explore with expansion order. Therefore, one needs to be judicious to include only terms that contribute to the fit.
Motivated by Eqs. (25) and (26), we do not write down fitting formulae directly for Ω 0 andȧ 0 , but rather for the quantities
and
For each quasi-circular configuration, we compute κ 0 and ρ 0 . Beginning to fit the non-spinning components, we only consider the quasi-circular configurations of set S 1 and fit polynomials in η and inverse distance u ≡ m/r:
(Here, the subscript 'NS' refers to non-spinning binaries). We found that the triangular truncation i + j ≤ 3 gave a good fit with a reasonably low number of coefficients. The coefficients a i,j and b i,j are listed in Tables III  and IV. For spinning binaries of sets S 2 , S 3 , S 4 and S 5 , we first subtract the fits Eqs. (31) and (32), i.e. we compute for each spinnning quasi-circular configuration
The functions δκ S and δρ S should be functions of the spins of the black holes, mass-ratio and separation. These functions should vanish for zero spins, to reduce to the fit for non-spinning BBH.
We will use in total 14 basis-functions to represent the spin-sector, which we shall labelê α , α = 1, . . . , 14. The first four basis-functions take the functional form of the spin-terms in Eqs. (25)- (28):
where
are the projections of each black hole spin into the orbital plane.
The next two basis-functions account for the the angle between S A/B relative to the other black hole:
wherer is the unit-vector pointing from black hole 2 to black hole 1. These terms are not present in the postNewtonian expansion. However, we find them to be necessary for a good fit. We conjecture that the origin of these terms rests in details of how numerical BBH initial data is constructed. For instance, conformally flat quasiequilibrium BBH initial data requires a somewhat different choice ofȧ 0 to achieve low eccentricity compared to superposed Kerr-Schild data [99, 100] . Both types of initial-data require some offset inȧ 0 relative to postNewtonian expansions, and the need to includeê 5 andê 6 when fitting for low-eccentricity initial data parameters indicates that this offset depends on the angle between black hole spin and direction to the partner black hole.
Finally, as demonstrated below, the fit of the spinsector can be improved by including certain higher-order basis-functions:ê
The functions δκ S and δρ S are expanded into a series that depends on η, u and the spin basisê α :
These expansions have 224 coefficients each. For our best result, we fit these coefficients against that subset of configurations of the sets S 3,4,5 which have e Ω < 10 −4 . These configurations are located in the green shaded region of Fig. 7 . The resulting coefficients are listed in Tables V and VI in the Appendix.
C. Quality of the fitting formulas
The quasi-circular orbital parameters that form the basis of the fits Eqs. (36) and (37) are not perfectly accu- e Ω,max rate; rather they contains residual eccentricity as indicated in Fig. 7 . Therefore, we should expect the loweccentricity fits to be good to only a comparable level of precision. If the fits were more accurate than indicated by Fig. 7 , this would indicate a fit to the errors in the numerical data, which would not carry any additional physical information. To quantify the quality of the fits, we translate the residuals
∆ȧ 0 =ȧ 0,NR −ȧ 0,fit (39) into an equivalent eccentricity via Eq. (15):
Our target is that e R as computed from the fits is roughly comparable to the eccentricity e Ω of the data used to compute the fits. If e R ≫ e Ω the fit is not as accurate as it could be; if e R ≪ e Ω , the fit has so many degrees of freedom that it fits the residual eccentricity of the NR simulations. Figure 8 demonstrates that indeed e R ∼ e Ω , as desired. The dependence of the quality of the fit onto the configurations used for the fit is further explored in Fig. 9 . For this figure, we perform the fit for the spinning sector δκ S , δρ S several times, based on those configurations within S 3,4,5 with eccentricity e Ω ≤ e Ω,max . The dashed curves of Fig. 9 show the residual eccentricity e R of these fits as a function of threshold eccentricity e Ω,max . For the Eccentricities (δae, δΩe) for the binaries of the sets S1, · · · , S5 with e ≤ 0.0001 as predicted by the the fitting formulas and the PN expressions. Most binaries have an eccentricity less than 0.0001 when using the fitting formulas, while PN expressions generate binaries with nearly 0.01 eccentricity. The fits yield lower eccentricity than PN expansions, with the improvement primarily due to the more accurate prediction of radial velocity (δae). We plot the fits based on binaries with eccentricity less than 0.0001.
dashed lines the residual of the fit e R is similar to e Ω,max , indicating that the fit works as well as can be expected. If the basis-functions for the spin-sector are restricted to only the linear terms,ê α , α = 1, . . . , 6, then we obtain the dotted lines. Now the residual eccentricity is several times larger than e Ω,max , indicating the possibility to improve the fit.
We now compare our low-eccentricity fits with postNewtonian expansions that predict initial data parameters. Using Eqns. (25) and (26) we compute Ω PN anḋ a PN for each configuration. We then compute the difference between eccentricity-reduced NR parameters and the PN parameters,
e R,PN ≡ δΩ 2 e + δȧ 2 e .
Because we know low-eccentricity orbital parameters Ω 0,NR ,ȧ 0,NR these formulae allow us to estimate the eccentricity the PN parameters would have without having to evolve with the PN initial-data parameters. Figure 8 shows this estimated eccentricity e R,PN as the grey dots. Our fits improve the post-Newtonian initial data parameters by about two orders of magnitude, consistently for all spin-directions, including precessing binaries. Figure 10 plots separately the two components δΩ e and δȧ e , cf. Eqs. (41) and (42) . The plot shows the PN data in grey and the results of the fitting formulas as red circles. Once again, the improvement gained by the fits is apparent: The eccentricity is smaller by nearly two order of magnitude relative to PN initial-data parameters. We also note that for the fit, δȧ e and δΩ e have approximately equal magnitudes. For PN, in contrast, δΩ e is about a factor ∼ 10 larger than δȧ e , indicating that an error in the orbital frequency is the major cause of eccentricity when using PN parameters.
D. Number of orbits fits
When selecting initial data parameters for an evolution, it is useful to be able to estimate of how long the simulation will be. One widely used measure is the number of orbits the binary completes before merger. We have evolved the binaries in sets S 0 and S 5 through inspiral phase, so we can use this information to derive a fitting formula for the number of orbits. We base this fitting formula on Eqs. (28) , specifically
The fitting parameters d 1 , . . . d 9 are incorporated into the phase-formula, The number of orbits is fitted to Eqs. (44) and (45) using the inspiral data from sets S 0 and S 5 as given in Tables I and II . We include only those inspirals that reach orbital frequency 0.05/m or greater, that inspiral for at least 10 orbits and that have an eccentricity of less than 0.005.
The results of the fit for N are shown in Fig. 11 . The upper panel of Fig. 11 plot the number of orbits evolved between the initial orbital frequency Ω i and the final orbital frequency 0.05/m for the inspirals used in these fits. For the first 69 simulations of set S 0 , binaries with large differences in the initial separation and mass ratios are evolved. Therefore, a large variation in the number of orbits is observed. For the last 32 runs of set S 5 , all binaries start with the same initial separation but with a random mass ratio and spin orientation and magnitude. In this case, their number of orbits varies between 15 and 20.
In the lower panel of Fig. 11 , we plot the difference between the number of orbits measured up to a certain orbital frequency, and the number predicted by the fitting formula (44) as red points. This residual is less than 1 orbit for the set S 0 , and it is less than 0.2 orbits for the binaries of set S 5 . No variation in the quality of the fits is noticed as we changed the final frequency from 0.05/m. We use also the PN expression in Eq. 28 to plot the difference in the number of orbits between the numerical simulations and the PN predictions measured at an orbital frequency of 0.05/m in orange. The initial frequency used is the value for which the simulation starts with, i.e. Ω i . The straight post-Newtonian formula predicts a number of orbits that generally differs by 3 to 6 orbits from the NR result.
V. GENERATING INITIAL DATA WITH A PRE-DETERMINED ECCENTRICITY
So far, we have been concerned with achieving BH-BH simulations with very small eccentricity. Let us now consider how to choose initial-data parameters that result in some desired non-zero eccentricity. If one starts from known zero-eccentricity orbital parameters (r 0 , Ω 0 ,ȧ 0 ), and perturbs these, (r 0 + δr, Ω 0 + δΩ,ȧ 0 + δȧ), then the Newtonian formula Eq. (14) should give a reasonable approximation of the resulting eccentricity. To test this assumption we use two eccentricity-removed configurations, ScN 1 (equal mass, zero spin) and ScN 12 (massratio 1.5, precessing). We perturb first by changing the initial separation while keeping Ω 0 andȧ 0 constant, and, second, by changing Ω 0 while keeping d 0 andȧ 0 constant. For each perturbation, we solve for a new initial-data set, and evolve long enough to measure e Ω . The results are plotted in Fig. 12 , along with the result of Eq. (14), e = 3|δr|/r and e = 2|δΩ|/Ω, respectively.
The agreement between the full numerical simulation and the Newtonian formula is very good. The exceptions are very low eccentricity e Ω < ∼ 10 −4 , where measuring eccentricity in the numerical simulation is difficult, and for very large eccentricity e ∼ 0.1, where linear perturbations may no longer be adequate. Besides controlling eccentricity, one can also use Eq. (16) to control the phase or periastron.
So far, we have perturbed off a zero-eccentricity configuration. As we have seen in Sec. III, our fitting formulae for initial data-parameters result in eccentricities e < ∼ 10 −3 . If one is interested in eccentricities larger than this value, then one can also perturb around the results of the low-eccentricity fitting formulas. This now allows to obtain a BH-BH simulation with desired length (via Eq. 28) and desired eccentricity, via the fitting formulas for low-eccentricity parameters and Eq. (14) and (16), without any iterative procedures.
VI. CONCLUSIONS
Evolutions of binary black holes start from initial data. Choices that enter the initial data determine the orbital eccentricity of the subsequent evolution, and the length of the inspiral (i.e. the number of orbits to merger). This paper presents techniques that allow to choose initial data parameters that result in very small eccentricity (e ∼ 10 −4 ) with an inspiral of a desired number of orbits. We also present techniques that allow to choose initial data parameters that result in a desired non-zero eccentricity. Our techniques are applicable for generic precessing binary black holes of mass-ratios q < ∼ 8 and for spin-magnitudes < ∼ 0.5. Because of fitting formulae we develop here, the use of these techniques requires no significant computational cost.
This paper presents quasi-circular initial data for 729 different configurations (mass-ratio, separation, spins) of binary black holes. This study covers for the first time a full 7-dimensional voluminous region of parameter space of generic non-eccentric BBH inspirals, rather than just lower-dimensional subspaces like aligned spin binaries (e.g. [17] ). The mass ratio varies between 1 and 8 for these simulations, 620 binaries are spinning, most of these with generic, precessing spins of dimensionless magnitude up to 0.5.
The orbital eccentricity of all 729 configurations is iteratively reduced using techniques developed in earlier work [54, 66, 67] . To remove or ease the computational burden of iterative eccentricity removal, we introduce fitting formulas that predict low-eccentricity orbital parameters. Fitting the 2-dimensional non-spinning sector spanning mass-ratio and spin requires 10 fitting parameters each in the formulae for orbital frequency and radial velocity. Extending this fit to the 8-dimensional spinning-sector (mass-ratio, separation, two spin vectors) required 224 fitting parameters each. Perhaps surprisingly, despite the comparatively low spins considered here χ < ∼ 0.5, higher order corrections to the spin incorporated via Eqs. (35g)-(35n) noticeably improve the quality of the fit, cf. Fig. 9 . We also provide a fitting formula for the expected number of orbits during the inspiral of low-eccentricity initial data, again for generic precessing spins and mass-ratios.
The fitting formulas allow to achieve BH-BH configurations of desired initial separation (or desired initial orbital frequency or desired number of orbits) with an eccentricity of ∼ 10 −4 without having to perform any iterative runs. If lower eccentricity is desired, it is always possible to refine by iterative eccentricity removal.
Based on these fits, we develop a technique to predict the eccentricity of initial-data parameters without having to evolve the initial data at all. This technique is based on the deviation of the initial-data parameters from those for low-eccentricity (the latter determined either from our bank of 729 configurations, or computed from our low-eccentricity fits), cf. Eqs. (41)- (43) . It allows us to estimate the orbital eccentricity that would have resulted from post-Newtonian initial data parameters without constructing initial data for those configurations. The results are shown in Figs. 8 and 10 demonstrating that our fitting formulas yield orbital eccentricity about two orders of magnitude smaller than postNewtonian expansions.
The ability to estimate eccentricity without an evolution is also useful in another scenario: To obtain an evolution with desired eccentricity, one can simply perturb the low-eccentricity fits and use Eqs. (41)- (43) to determine the eccentricity of the perturbed initial-data. This procedure allows to construct initial data of desired eccentricity without having to perform any intermediate evolutions. This procedure is demonstrated in Sec. V.
During the construction of BBH initial-data, free parameters like initial orbital frequency and initial radial velocity must be chosen. Early in the evolution, the space-time relaxes to a quasi-stationary steady state, changing the black hole parameters slightly and emitting a pulse of "junk radiation" [101] . This relaxation causes orbital frequency and radial velocity (and also black hole masses and spins, albeit to a smaller degree [30] ) to deviate from the corresponding parameters specified in the initial-data. These drifts depend on the precise type of initial data evolved (e.g. conformally flat conformal-thin sandwich data, as here; super-posed Kerr-Schild data; puncture data) and may exhibit a dependence on black hole parameters different from the usual post-Newtonian terms. These drifts in parameters, induced by specific choices of the initial-data construction, may very well be the reason why our fitting formulas require terms that are not present in post-Newtonian expansions, cf. Eqs. (31) and (32) . Because these drifts -as well as the coordinate systems used when constructing initial data-are different for each class of initial-data, we expect that a similar fitting effort is necessary for superposed Kerr-Schild data, which allows access to higher black-hole spins.
Out of the 729 configurations, we evolve 101 simulations fully through inspiral. Only the number of orbits of each inspiral was used here in order to write fitting formulas for any spinning configurations. Because of the wealth of information in these simulations, they will form the basis of a large number of future investigations into periastron-advance, black hole remnant properties, analytic template modelling, and gravitational wave dataanalysis efforts.
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Appendix: Tables   TABLE I: Parameters of the runs evolved in S0. The first column is the label for each configuration (we refer to individual runs as "Sc21"), the following columns show the mass ratio q, the separation r/m, the initial orbital frequency Ωi, the dimensionless expansion factorȧ, the spin components of the first hole χA and the spin of the second hole χB, the eccentricity eΩ, the final orbital frequency Ω f , the number of orbits N f between the initial frequency Ωi and the final frequency Ω f . The last column denotes the number of orbits between the initial orbital frequency until the orbital frequency 0.05/m. The first column labels the binary configuration, q = mA/mB denotes the mass-ratio, r/m, Ωi andȧ denote initial separation, orbital frequency and expansion factor, respectively. χA and χB are the dimensionless spin components of the first and the second hole, and eΩ is the orbital eccentricity. The final orbital frequency is given by Ω f , and N f denotes the number of orbits N f between the initial frequency Ωi and the final frequency Ω f . The last column denote the number of orbits between the initial orbital frequency until the orbital frequency 0.05/m. 
